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Linear matroid parity generalizes matroid intersection and graph matching (and hence
network flow, degree-constrained subgraphs, etc.). A polynomial algorithm was given by Lovasz.
This paper presents an algorithm that uses time O(mn®), where m is the number of elements and n is
the rank. (The time is O(mn®®) using fast matrix multiplication; both bounds assume the uniform
cost model). For graphic matroids the time is O(mn®). The algorithm is based on the method of
augmenting paths used in the algorithms for allsubcases of the problem.

1. Introduction

Let M be a matroid over a set of elements E that is partitioned into blocks of
size two, called ( parity) pairs. Thus each element e has a mate, denoted g, such that
{e,e}isa parity pair; clearly é=e. A matching M is an independent set consisting
of parity pairs, i.e., ¢€ M if and only if é€ M. A maximum matching has the greatest
number of pairs possible. The matroid parity problem [13] is to find a maximum
matching. An important special case is the spanning tree parity problem [12]: Given
an undirected graph with the edges partitioned into pairs, find a forest containing as
many pairs as possible,

Matroid parity generalizes many well-solved problems in combinatorial opti-
mization, in particular, matroid intersection and matching on a general graph [16].
(Recall that matroid intersection solves integral network flow, and graph matching
solves the degree-constrained subgraph problem.) Applications include spanning
tree parity, certain processor scheduling problems [8), and finding the pinning number
of a graph [19]. Lovdsz [17] and Jensen and Korte [13] independently showed that the
general parity problem requires exponential time, if the matroid is given by an inde-
pendence oracle (the usual assumption). Lovasz {17] also found a polynomial-time
algorithm for parity on linear matroids, a class that includes most applications. This
was an important breakthrough. But as one might expect for such a complicated
problem, the algorithm is involved, its running time is a polynomial of high degree,
and it does not appear to generalize to other problems, most notably the parity prob-
lem where elements have numerical weights.
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More recent work has shown that versions of the parity problem on subclasses
of linear matroids, such as gammoids, reduce to graph matching or the degree-constrai-
ned subgraph problem [8, 22]. Orlin and Vande Vate [21] give an algorithm for
linear matroid parity based on duality theory.

This paper presents an augmenting path algorithm for linear matroid parity.
The algorithm can be viewed as a direct generalization of the algorithms for all
subcases of the parity problem, e.g., matroid intersection and graph matching. The
time is O (mn®), where m=|E| is the number of elements and » is the rank of the
matroid. If fast matrix multiplication is used the time is O(mn®®). (These bounds are
in the uniform cost model, where each operation is one time unit [2]. This is realistic
for finite fields. However the algorithm does # matrix inversions, each on a matrix
whose entries are given input numbers. So for matroids over R the time bounds should
be multiplied by L, the length of theinput). The time is O (mn?) for a naive implementa-
tion on graphic and cographic matroids (i.e., spanning tree parity). This is as efficient
as the classic algorithms for cardinality matroid intersection problems on the same
classes of matroids [16]. In fact when the input represents a matroid intersection prob-
lem, the algorithm reduces to the intersection algorithm of [16]. Similarly for general
graph matching the algorithm reduces to that of [7]. A preliminary version of the
algorithm for binary matroids was given in Stallmann’s doctoral dissertation [23].
The algorithm for graphic matroids (running in time O(mn®) and space O(m)) has
been implemented in Pascal on a VAX 11/780. We anticipate that, like its special
cases, the algorithm generalizes to the weighted parity problem.

The generalization of augmenting paths to matroid parity is discussed in
Section 2. Section 3 presents the algorithm. Section 4 proves its correctness and Sec-
tion 5 analyzes the time and space requirements, This section closes with some no-
tation and definitions.

If 4 and B are sets, A® B denotes their symmetric difference. If e is an ele-
ment, A-+e is equivalentto 4U{e}, and A—e is A—{e}. If Pand Q are pathsin
a graph, PQ is the concatenation of P and Q, and P' is the reverse of P. If P is simple
and passes through vertices v and w, in that order, P(v, w) is the subpath from v to w.
Paths are also interpreted as sets of vertices or edges, depending on the context.

For the basic concepts of matroids, e.g., independence, base, circuit, see
{1, 16, 26, 27]. If 4 is a set of elements, its rank is ¥(4) and its span is sp(4). The
Sfundamental circuit of element x in base B is denoted C(x, B). For an independent set
A, (e, f)is a swap if f€¢A and sp(A+e—f)=sp(4)[6, 10]. A matroid M with ele-
ments E is linear if there is a vector space V (over a field F) and a mapping of E into
V that preserves rank. We usually identify elements of a linear matroid with their
corresponding vectors. For F=GF(2), M is binary. A special case is a graphic matroid,
where the elements correspond to the edges of a graph and the independent sets are
the forests.

2. Augmenting paths

This section introduces the basic ideas of the algorithm, including augmenting
paths and transforms. Facts about matroids that are used in the correctness proof
are also given. The development is interpreted as a generalization of the two important
special cases of matroid parity — matroid intersection and general graph matching.
Recall that matroid intersection is the case of the parity problem where the matroid
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M is the direct sum of matroids M; on elements E;, i=0, 1, and every parity pair
contains one element from each matroid. General graph matching (on a graph G) can
be viewed as a graphic matroid parity problem (on a multigraph H): A vertex v of G
corresponds to two vertices vy, v; of H. An edge vw of G corresponds to a parity pair
consisting of edges vyv;, wow;. (Each edge incident to ¢ has its own copy of vyv, in
H).

Algorithms for matroid intersection and graph matching use the method of
augmenting paths. An augmenting path adds an element to the partial solution; if this
violates feasibility it deletes an element to restore feasibility and repeats the process.
Eventually the added element preserves feasibility and the partial solution has been
enlarged. This can be done for any matroid, in the following sense.

Definition 2.1. An augmenting sequence for a matching M consists of distinct pairs
a;, @4 M, 0=i=k, b;, b;c M, O<i=k, such that the following sets have the same
span:

M(ap) = M +a,+a,,

M) = M(a;_))+a;_,—b;, (0<i=k),
M(a) = M(bi)—'E,;"r‘ai, O <i=k).
Note that M {a,) is a matching of rank |[M|+2.

Theorem 2.1. A nonmaximum matching M has an augmenting sequence.

Proof. First observe that there is a matching N with |[N|=|M|+2, sp(M)Ssp(N):
Let N be a matching with |N|=|M|+2 and [M @ N| minimum. Suppose sp(M)d¢
¢ sp(N) and derive a contradiction as follows. Choose aéM with N+a indepen-
dent. Choose hé N—M with N+a+a—b independent. Then N+a+a—b—b is
a matching that contradicts the minimality of N. We conclude that N is the desired
matching.

Now choose e, f¢ N so that M+e-f is independent, ie., sp(M+e+f)=
=sp(N). Let a,=e, a,=f. Assume that a sequence &, dy, by, by, ..., @; has been
defined, with a;,a,c N—M, b;, b,cM—N and sp(M(aJ)) sp(M(bJ)) sp(N).
Note this 1mp11es M (a) is mdependent If a,=f, setting i=k gives the desired
sequence. Otherwise choose b; €M —N so that M(b;.)=M(a)+a;,—bys, i
independent. Thus sp(M(by41))=sp(N). Next choose a;,1€N—M sothat M(a;+1)=
=M(b;+1)—biy1+a;,, is independent. Thus sp(M(a;4,))=sp(N). Repeat
this process until it halts with the desired sequence, (It eventually halts because each
swap replaces an element of M —N by an element of N—M.) B

It is sometimes possible to drop the “destination” element &, from the span-
conserving conditions, i.¢., define M(a,) as M +a,. This type of augmenting sequence
is used for matroid intersection and graph matching. The above proof is easily modi-
fied for these special cases: In matroid intersection @, is unnecessary because all swaps
in @’s matroid M;, i=0 or 1, preserve M’s span in E;. In graph matching span
amounts to the vertices covered by the matching, which of course is independent of
the destination vertex &,. On the other hand the destination element &, is needed for
more general problems like graphic matroid parity: Figure 2.1 shows a graphic mat-
roid with a matching (forest) consisting of wavy edges. The augmenting sequences
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Fig. 2.1. Destination elemenis are negded in augmenting sequences

are adbbceddedffgg and its symmetric variants. This sequence preserves the span
sp(M +a+g). However if §is dropped span is not preserved — sp(M +a)=sp(M(e)).

The need for destination elements makes 1t convenient to work with bases rat-
her than matchings. Given a parity problem on a matroid M, let B be a base. Form
a new matroid M’ by adding an element ¢ parallel to e for each e€B; ¢” has no mate
and is called a singleton. If M is a matching (in M), M * denotes a base (in M’) formed
by adding appropriate singletons to M. The parity problem becomes finding a base
with as many matched pairs e, & as possible.

Definition 2.2. An augmenting sequence for a base M™ consists of distinct pairs b;,
beM, 0<i=k, singletons by, b,,.,6M™, and pairs q;, ;¢ M, 0=i=k, such that
the following sets are bases:

M*(ao) == M*—Eo+ao,
M*(b) = M*(ag;i- )+ @1 —b;, O=<i=k+1),
M*(a) = M*(b)—bi+a;, (0<i=k).

M*(b, ;) is a base with one more matched pair than M *. If M * does not have
as many pairs as possible it has an augmenting sequence (by an argument similar to
Theorem 2.1). The algorithm of Section 3 works by repeatedly finding an augmenting
sequence for the current base.

To find an augmenting sequence it is convenient to use a graphic representation
of the matroid, as in the matroid intersection algorithm [16]:

Definition 2.3. The dependence graph G(B) of a base B is a bipartite graph with
vertex sets (£— B, B) and edges ab that are swaps, i.e., B+a—b is a base.

Figure 2.2 shows a graphic matroid with dependence graph in Figure 2.3(a).
In Figure 2.2 wavy edges are parity pairs of the base; dashed edges are singletons of
the base. In Figure 2.3 basic elements are on the right, nonbasic on the left.

For a linear matroid, let B be a base. For any element a denote its representa-
tion as a linear combination of elements of B as

a= Z c(a, b)b.

beB

Here c(a, b) are scalars and ab is an edge of G(B) if and only if ¢(a, b) =0.
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(b) Modifications in dependence graph for transforms
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In a binary matroid a dependence graph completely determines the matroid.
A special case of this is graphic matroids. (The dependence graph of a graphic matroid
determines the matroid but not the graph itself, since nonisomorphic graphs can have
isomorphic matroids [26].) The opposite extreme from binary matroids are the Va-
mos—Higgs matroids and their generalizations as defined by Lovasz [17]. Their de-
pendence graph is essentially complete bipartite and gives no information about the
matroid. The parity problem on these matroids requires exponential time [17].

A dependence graph specifies the swaps that are valid for a base. In an
augmenting sequence each swap that is done can change the valid swaps. This could
conceivably force an algorithm to recompute the dependence graph in its search for
an augmenting sequence. Recomputing the dependence graph is unnecessary in graph
matching — a swap corresponds to two incident edges, regardless of the base. Re-
computing is unnecessary in matroid intersection — a shortest augmenting sequence
never changes the relevant portions of the dependence graph. However in linear mat-
roid parity, even on binary or graphic matroids, some modification of the dependence
graph seems necessary. Our algorithm adds nodes to the dependence graph, making
it the union of dependence graphs for various bases. We now make these ideas more
precise.

Definition 2.4. Consider a dependence graph G(B).

(i) A parity path is a finite sequence bya,dyb,b,...a;_,a;_,b;b;.... where
by is a singleton of B, and a@;_, b;, a;b; are all edges of G(B). (The last element of the
path may be q,, a,, b, or b,, for some r.) The reverse of such a path is also a parity
path.

(i) A set of edges {ab|b€B, 1=i=r} in G(B) is feasible if BU
U{al=i=sr}-—-{bil=i=r} is a base.

(i) An augmenting path is a feasible parity path b,...b, ending at a singleton
b,,1.e., B—by+a,+dy,—b,~b;... —b, is a base.

Note that a parity path is a path in the graph G(B) plus all “parity” edges
ee. It is convenient not to include the pairs ee as edges in the dependence graph. So
throughout this paper, the term “‘edge” refers to an edge in the dependence graph,
which represents a swap.

The algorithm modifies the original dependence graph by adding nodes to it
(on both the nonbasic and basic side). Define a generalized dependence graph for a base
B as a bipartite graph containing G(B) as a subgraph, such that aside from the single-
tons of B, every node has a mate (on the same side). The notion of parity path makes
sense in generalized dependence graphs, and we use it in that context.

Figure 2.2 has an augmenting path

P = xaabbccddeeffgghhiijjkky.

Pis not an augmenting sequence because M (d) contains the cycle acf. In this example
no augmenting path is also an augmenting sequence. However an augmenting sequen-
ce can be derived from P by reversing the subpath ddeeff: xaabbccffeeddgghhiijjkky
is an augmenting sequence. In general an augmenting sequence can be derived from
an augmenting path by a number of reversals of (nested) subpaths.
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The need to reverse subpaths comes about as follows. Traversing edge ab
changes ¢’s dependence graph adjacencies, adding f and removing d. Usually such

a change can be ignored — edge af allows f to be reached from a directly, so it is
unnecessary to use the new edge ¢f to reach f. However in Figure 2.2 the goal is to
reach g, and the direct path to g, xaafféeddg, is infeasible because it introduces the

cycle gyab. This cycle is introduced when af is traversed, thereby removing g from
d’s adjacencies. Clearly the algorithm needs a mechanism to compute d’s new adja-
cencies.

In Section 3 we call the subpath fféedd a “blossom™, and f, dits “tips”. Element
g1s adjacent to both tips. When a path traverses a blossom, entering one tip and leav-
ing the other, it can exit only to ¢lements that are not adjacent to all tips. (Actually
this is the case for binary matroids. Other exits are possible in general linear matroids
— see Lemma 2.1.) To model this the algorithm introduces a new element called a
“transform” that is adjacent to precisely the valid exits of the blossom.

The blossom tips f, d above are elements in the matching. Similar reasoning
shows that transforms for unmatched blossom tips are needed: Figure 2.2 has a blos-
som iihhgg that makes the direct path from y to f, yiihhggf, infeasible. The tips 1, g are
unmatched and need a transform to model the valid exits.

A path always enters a blossom through an element called the “bud”. The bud
is matched if and only if the tips are not.

Now we show how transforms are constructed in a linear matroid. In Lemma
2.1 (i) below, a, and a, play the role of unmatched tips and b plays the role of the
matched bud. The transform T(a,. @y, b) is adjacent to exactly the valid exits from the
blossom, i.e., the elements that, along with the bud, can be replaced in the matching
by the tips. Lemma 2.1 (ii) treats the case of matched tips.

Let C be a matrix whose rows and columns are indexed by different sets. The
two-rowed minor for rows e;,i=0, 1 and columns f;,i=0,1 is c(eg. fo)c(er, f)—

—cleg, f)cley, fy), and is denoted c(eg, €5, f5./1) or ¢(fo.f1. €0, €). In what
follows B is a base of a vector space ¥, and C is the matrix whose columns correspond
to elements b¢B, rows correspond to elements a€ E—B, and entries are c(a, b)
(as above, the coefficient of b in a’s representation).

Lemma 2.1. Consider elements a,, a,4 B, b,, b€ B.

(1) Suppose a,, a; are both adjacent to b,. Then V contains an element
T(ay, a,, by) adjacent to precisely the elements b, such that B+ay—b,+a,—by is a
base.

(i) Suppose by, b, are both adjacent to ay,. Then V contains a base B” whose
dependence graph is isomorphic to that of B, except that by is replaced by an element
T(by, by, ay) that is adjacent to precisely the elements a, such that B+ay—by+a, —b;
is a base.

Proof. Write
ai = 2 c(ais ﬁ)ﬂ
BeB
Thus
)] c(aq, by)ay—c(ay, by)ay = 2 c(ay, ay, by, B)B.

BeB

4%
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Then c(ay, ay, by, bp)=0 together with the hypothesis of (i) (or (ii)) implies that
B+ay,—by+a,—b, is a base exactly when c¢(ay, a1, by, by) #0.

(1) Choosing T(ay, a,, by)=c(ag, bg)a,—c(ay, by)a, gives the desired adja-
cencies.

(ii) Define a vector b= c(ay, bo)bo/c(ay, b)) +b,. Thus B'=B—b,+b is
a base, for which a;’s expansion is

2 a, = c(ay, b))b—c(ay, ay, by, b])bo/c(a()ab)+ Z b c(ay, B)B.
The description of B’s dependence graph given in the lemma follows if we let b,€ B’
be T(by, by, ay) and in the isomorphism, b corresponds to b,. §

Formulas (1)—(2) essentially define the transforms, by specifying their adja-
cencies. (Comment on terminology: “transform” refers to these formulas, viewed
as linear transformations.) The algorithm uses (1)—(2) to create transforms. Note
that in the construction of transforms, the only use of the third argument is to define
two nonzero scalars — ¢(g;, by) in (1) and c(ay, b;) in (2). We generalize the notion
of transform in Lemma 2.1 by allowing the bud of a transform to be given by two
nonzero scalars. Thus the bud need not be an element of the original matroid.

Now we state some easy consequences of (1)—(2). Assume transform
T(eq, €1, fy) exists; the e; are both either basic or nonbasic (and are not transforms);
Jois given by scalars (of course if f; is an element, as in Lemma 2.1, the scalars are the
appropriate coefficients). If ¢; are basic, let B(T(ey, ey, j},)) denote base B—ey+
+ T(ey, €1, f3) (as in Lemma 2 1). Saying that T(ey, €1, fy) is adjacent to f refers to
adjacency with respect to B(T (e, €1, fy)).

Corollary 2.1. T{e,, e;, f,) is adjacent to f, if and only if c(eq, e, fo, 1) #=0.

Proof. For ¢; basic this is clear from (2). For e; nonbasic it is clear from (1) if f,€B.
If £ is a transform of basic elements, the analog of (1) for base B( f;) gives the desired
conclusion. J

Corollary 2.2. T(ey, ey, fy) is adjacent only to neighbors of e, or e;. It is adjacent
to any element that is adjacent to exactly one of ey, e,. It is not adjacent to fy. |}

If bud f, is given by scalars, the last statement of this corollary means that the
transform is not adjacent to any element whose coefficients for e; are f3’s scalars. In
a binary matroid the corollary can be strengthened: T(e,, e, fy) is adjacent to preci-
sely the elements adjacent to exactly one of ¢,, e;. The next fact shows that no infor-
mation is lost in replacing a tip by a corresponding transform.

Corollary 2.3. For a set C containing none of e; or T(eqy, ey, fo), C-+eq+ey is a base
if and only if C+e +T(ey, €1, fy) is. |}

The last fact shows how these properties are propagated.

Corollary 2.4. Let S be a sequence of all basic or all nonbasic elements. In the first case
Sor element f define a vector v(f)==(c(f, €)le€S); in the second case for f basic define
vector v{f)= (c(e DlecS ) Let R be a tree whose nodes are labelled by e€S such
that for any edge eqe, of R, T(ey, ey, fy) exists. Then f; is not adjacent to any of these
|S|—1 transforms if and only if v(f,) is a multiple of v( f3). (If bud f, is given by non-
zero scalars c( fy, €) or c(e, fy), v(fy) is still defined as above).
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Proof. For |[§]=2 this follows from Corollary 2.1. For |S|>2 use induction. J

Figure 2.3 (b) illustrates the construction of transforms for Figure 2.2. Note
that 7(d, f, @) models the legal exits from the blossom path. In the modified matroid
the augmenting path is

P’ = xaabbceT(d, f, a)deef T (f, b, a)T(g, k, y)ghhiT (i, g, y)jjkky.

(This is the path found by the algorithm of Section 3.) P’ is essentially the path P
(given after Definition 2.4), but transforms make it both an augmenting path and
an augmenting sequence.

This completes the motivation for the algorithm. Now we give some facts
that form the basis of the correctness proof, First is a mechanism for proving that the
augmenting path found by the algorithm is feasible. It generalizes a result of Krogdahl
[14, 16] for matroid intersection. In Theorem 2.2, the term ‘“‘matching” refers to an
ordinary matching on a graph. Recall that an alternating path is a simple path whose
edges are alternately matched and unmatched.

Theorem 2.2. A matching of a dependence graph is feasible if it has no alternating cycle.

Proof. Let M be a matching of G(B). Suppose the edges of M are ordered, M=
={m;|l=i=k}, where m;=a;b;. Let N; be the subgraph of G(B) induced on
{a;, b;1=j=i}. Call M reducible if, in some ordering of M, for all { in 1=i=k,
a; or b; is a degree one vertex in N,. Observe that M is reducible if and only if it has
no alternating cycle: The only if direction is clear. For the if direction, find the elements
m; in the order i=k, ..., 1, as follows: Inductively assume that m;, i=k, ...,j+1
have been found. Choose m; as an endpoint of a maximal length alternating path in
the graph induced on the elements of M — {m;Jk=i=j}. Such a path is not a cycle,
by the hypothesis. So a; or b; has degree one in the graph, as desired.

Thus it suffices to show that the swaps of a reducible matching can be executed
in order, i.e., for all 1=i=k, B;=B+a;—b,... +a;—b; is a base. This is done by
induction, as follows. Assume B;_, is a base. First suppose g; has degree one in N;.
It is easy to see that C(a;, B;_;}=C(a;, B). Hence a;b; is feasible for B;_; and B;
is a base. Next suppose b; has degree one in N,. An easy induction shows that for any
Jr 1=j=r<i, b;¢C(a,, B)). Thus b,cC(a;, B;) for 1=j<i, and gb; is feasible
forB;.;. §

Simple examples show that the condition of the theorem is not necessary.
The theorem can be used to show that a simple parity path is feasible, since the de-
pendence graph edges of such a path form a matching. The theorem is applied in
Section 4 to show that the paths constructed by the algorithm are feasible.

This section concludes with a mechanism for showing that the final matching
is maximum, One approach is to use Theorem 2.1, but it is more convenient to use the
Lovész duality theorem [18]. This result generalizes the duality theorems for matroid
intersection and graph matching. Section 4 only uses the “easy” part of Lovész’s
result. To make this paper self-contained we state it and give a simple proof. A parity
parlitionis a partition of the elements £ of a matroid into sets of parity pairs E;, ...,F,
(thus e¢E; if and only if e¢E)).

Lemma 2.2. In a (not necessarily linear) matroid, let M be a matching, F,, ..., E,
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a parity partition and A a set of elements. Then

M) _ S EUA =)
— =T+ 22 > J

Proof. It suffices to show that all but at most r(4) pairs of M contribute one to the
summation term. Without loss of generality assume A is independent, and add ele-
ments of M to 4 to get an independent set of |M | elements. All but at most r(A) pairs
of M get both elements added to 4. An added pair that is in E; contributes two to
r(E;U4), as desired. J]

In a linear matroid the lemma holds if A4 is any subset of the vector space
containing E. Lovasz shows that in a linear matroid equality is achieved with the
proper choice of M, A and E;; clearly such an M is a maximum matching. Section 4
follows Lovasz’s approach: the matching found by the algorithm is proved to be
maximum by exhibiting an appropriate parity partition. As a consequence Section 4
provides another proof of Lovasz’s duality theorem.

3. The algorithm

This section presents the algorithm, first intuitively and then formally. It
starts with features related to matroid intersection [16] and graph matching [5,
20]- breadth-first search and blossoms. Then it discusses new features — most notab-
ly, transforms. This is followed by formal definitions. A detailed statement of the
algorithm is in Figure 3.1. Figure 3.2 shows how the algorithm works on a simple
example. The reader should refer to both figures throughout the discussion. It may
also be helpful to refer to the very end of this section, which details how the algorithm
works on Figure 3.2.

Input: a matching M and corresponding base M*.

Output: a matching N and corresponding base N* such that |N|=|M|+2, if pos-
sible.

comment The following details of the algorithm are assumed rather than stated
explicitly: When an element e gets labelled, the algorithm assigns the next highest
serial number to s(e) and puts e on the queue; if e was a blossom tip, all tips of its
blossom are unmarked. A transform T(¢,, #,, b) Is created using formulas (1)—(2)
of Lemma 2.1. end comment

comment the main routine end comment

for ¢ecE do s(e)«o; B(e)<«e end do

initialize the queue to empty

initialize G to G(M™)

for e a singleton in M * do label e by (4, 8) end do
N*<9

while the queue is not empty and N*=0 do
remove the first element e from the queue
for fadjacent to e in G, B(f)#B(e) do
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comment choose f°s in order of increasing serial number s ( f)
end comment

if £ is labelled and s(f)=<s(e) then
let b be the first element of P(e) such that P(f) contains an element
in B(b)
if b=0 then Augment (e, /) else Blossom (e, f, b) end if

else if neither f nor fis labelled and B(f)=f then
if fis adjacent to e in G then
comment degenerate blossom end comment
create x=T(f,f,e) andadditto G
label x by (e, 0)
update B(f), B([) to the degenerate blossom, and mark f, fas tips
else label 7 by (e, 9) end if

end if
end do

end do

comment This ends the main routine. If N*@ then N is a larger matching, else M
is maximum. end comment

procedure Blossom (¢, e;, b)

let b; be the first element of P(e;) in B(b), i=0, 1
if by=D>, then let 7; be the immediate predecessor of bin P(e;), i=0, 1
else t;=0, =0, 1

for g an unlabelled element, that is either not in a blossom or is a blossom tip,
and is in ecither path P(e;, b;)—t; do
comment choose g’s in order of decreasing s(g) end comment
label g by (e;-;, €))

end do

if 2,0 then
create transform T{t,, #;, b} andadditto G -
label it by (ey, €p)

end if

update B(e) for e in the new blossom, and mark any new tips
end Blossom
procedure Augment (e, )

N* — M*

Path (e, 0)

Path (f, 0)

end Augment
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procedure Path (start, finish)

if startsfinish then
if start is a transform T'(x, y, z) then g« x else g« start end if
N*« N*a&{g, g} (N*—gif gis a singleton)
(back, reverse) < label (start)
if reverse={ then Path (reverse, g) end if
Path (back, finish)

end if

end Path
Fig. 3.1. The algorithm

An iteration of the algorithm finds an augmenting path and enlarges the
matching. In what follows “the algorithm” refers to one such iteration.

The algorithm does (essentially) a breadth-first search to find a parity path
joining two singletons in the dependence graph G(M *) (which gets enlarged). The
search constructs a system of search paths P(e). P(e) is a parity path of even length
from element ¢ to a singleton. Search paths are defined by back pointers: if e has a
back pointer to fthen P(e)}=eeP(f). (A complete definition is given below.) An ele-
ment whose back pointer (and search path) is defined is called labeiled.

d

€
]

{0}

e f Tle,f, 0)6 -

.o
a

o

o<}

{b}

Fig. 3.2.(a) Example graphic parity problem
(b) Search paths grown by the algorithm
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To do the breadth-first search the algorithm maintains a queue of labelled
elements [25]. It scans a labelled element e by removing it from the queue and examin-
ing its dependence graph adjacencies. Suppose e is adjacent to f. There are four
possibilities:

(1) neither f nor f is labelled. Element f gets labelled with a back pointer to e,
making P(f)=ffP(e). Thisis a grow step.

(11) fis not labelled but fis. A search path P( f) is already defined. There is no
need for another so the algorlthm does nothing.

(ili) fis labelled and P(e) is disjoint Jfrom P( 7). The path P(e) P(f)isa feasible
parity path between two distinct singletons, i.e., an augmenting path. The algorithm
augments the matching. This is an augment step.

(iv) fis labelled and P(e) and P( f) intersect. A blossom step is done. For con-
venience rename e and f as y, and z,, s0 y,2, is an edge in the dependence graph
and y, and z, are labelled. Let P(yg)=yoJo)171...¥;¥; X1 % X:iXi X101, PZg)=
=20Z¢2121... 2423 X Xy %;X; %11 New search paths can be formed: P(y,)=
=P(yy, 7Y P(z,) (Where P(y,, 7,) is the prefix of P(y,)that ends at y,), and P(z,)=
=P(zy, ) P(p,). If 7, is currently unlabelled it gets a label defining the new search
path. The label consists of a back pointer to z, and a reverse pointer to y,. Similarly
forz,.

A labelis denoted (back pointer, reverse pointer). Thus if e has the label (£, g)
(assigned in a blossom step) then P(e)=P(g, ey P(f). If e has the label (f, 0) (as-
signed in a grow step) then P(e)=eeP(f).

A blossom is the set B= {yq, ¥4, ..., ¥j» ¥;» Zos Zos --+» Zk» Zx}- The bud of B
is x;, the first element common to P{y,) and P(z,). The tzps of B are y; and z,, the
immediate predecessors of the bud. (This description of blossoms, buds and tips is a
simplification of the general case- see Definition 3.2.) In a blossom step all unlabelled
elements of B get labelled except for the tips. (Comment on flowery terminology : The
algorithm grows a blossom from its bud. The tips of a blossom are at the end, both
in terms of how the blossom forms and how it is traversed. Some other aspects of
buds and tips are not as botany would have it.)

- For efficiency the algorithm maintains, for each element e, the identity B(e)
of the blossom containing e. (Before e enters a blossom, B(e)=e¢). When scanning an
edge ef with B(e)=B(f) thereis no need to do a blossom step — e and farealready
in the same blossom, which implies no new label can be generated.

The above scheme is similar to the one for graph matching in {7]. The matching
literature calls the bud the “base” [5, 20] (or “tip” [4], “(mate of the) join” [7]). View-

ing graph matching as a spanning tree parity problem, the tips of a blossom are edges
parallel to the bud. This makes graph matching simpler. Now we discuss new aspects
of linear matroid parity.

As mentioned in Section 2, if a tip 7, were given a label, P(#,) would include the
other tip #;, and a subsequent grow step could produce an infeasible path. To avoid
this the algorithm creates the transform T'(¢,, #;, b), where b is the bud of the blossom,
and labels it rather than the tips. The proposed path for 1, is the reverse of the one for
t,. Since these paths are identical except for order, one can be chosen arbitrarily as the
transform’s search path.

For example consider Figure 3.2. The path aeéddffb is infeasible. The tips are
e, fand the bud is g, so the algorithm creates T'(e, f, @). This transform is not adjacent
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to b but is adjacent to c, as the path aeéddffc is feasible. The choices for P(T(e, f, a))
are T{e, f, a)eddffa (the transform replaces ¢) and Tle, f, a) fddeea (it replaces f).
The first interpretation is used.

The algorithm adds the transform to the dependence graph G. It does not remo-
ve the tips that the transform replaces from G. This is because either tip can occur in
a search path and so can get labelled in a future blossom step. So & can have trans-
forms for a number of different bases; it is a generalized dependence graph.

Transforms can cascade in the following sense. The tips of a transform arc
unlabelled, and so are elements of the given matroid M. The bud is labelled, and can
be a transform. A ““first generation transform” forms from three elements in M.
A “second generation transform® forms from tips in M and a bud that is a first gene-
ration transform. In general a “A'™® generation transform” forms from tips in M and
a bud that is a k—1% generation transform. The algorithm adds each transform
T(ey, €, fo) to the dependence graph and to the corresponding coefficient matrix C;
the transform’s coefficients in C are computed using formulas (1)—(2) of Lemma 2.1.
For nonbasic transforms in the second and higher generations, formula (2) cons-
tructs the transform from a bud given by scalars, as mentioned after Lemma 2.1.

As in graph matching, blossoms nest — a blossom is composed of a number of
elements and subblossoms. A consequence of nesting is that a blossom B can contain
various unlabelled elements. All tips of B are unlabelled. The tips are still candidates
for receiving labels. A subblossom C of B has one tip labelled (the label is assigned
when Cis absorbed into B). The other tips are unlabelled and are no longer candidates
for labels. This remark applies recursively to subblossoms of C, etc. An old tip is an
element that was a tip at some point but no longer is. Tips and old tips constrast with
graph matching, where all elements of a blossom are labelled.

Now consider the special situation when an element e is scanned and found
adjacent to two unlabelled elements f, f that form a pair. The obvious action — labell-
ing fin a grow step — is incorrect : the dependence edge ef can make subsequent labels
propagated from f infeasible, This situation actually represents the simplest. of blos-
soms, with bud b, tips f, f and no other parity pairs. The algorithm does a degenerate
blossom step, creating transform T( f, f, €) and labelling it with a back pointer to e.
For uniformity we say that the degenerate blossom step is “for ff”.

Paths that include both blossom tips are not the only ones that can produce

infeasibilities. For instance in Figure 3.2, gffddg is infeasible. This is becaunse of a
“hidden blossom’ with tips d, d. It is possible to detect all hidden blossoms and gene-
rate appropriate transforms. Note however that in Figure 3.2, aeeddg is feasible,
because it does not traverse f, the bud of the hidden blossom. Because of the order in
which labels are generated, the feasible path is found first and becomes P(g).

In a hidden blossom situation, a feasible path always exists as an alternative
to the infeasible one. To ensure that feasible paths are generated first, serial numbers
s(e) are used to record the order that elements are labelled: the i*® element labelled
has s(e)=i (s(e)=ce if e is unlabelled). If s(e)=<s(f) then e was labelled before f
and is scanned before f. The following rule ensures that all search paths are feasible:
When edge ¢f is scanned, a blossom or aungment step is done if and only if B(e) =
#B(f) and these two conditions hold:

(i) s(f)=<s(e) (fhas already been scanned);
(1) s{f)=s(g) for any g adjacent to e with B{(g) = B(e).
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(Note that (i) does not inadvertently rule out a blossom step for ef: If e is a transform
with s(f)<s(e) then e may not exist when fis scanned. In this case the blossom step
must be done when e is scanned, which is consistent with (i)).

A blossom step labels elements in the reverse order of the serial numbers of
their mates. (This order is the same as if all the new paths were formed in grow steps).
A transform is labelled last and gets the highest serial number.

Now we give formal definitions.

Definition 3.1. A search path is a path created by an augment step or P(e) for a label-
led element e. In the latter case let label(e)=(f, g)- If e is not a transform then

Ple)=e if f=g=20;
= eéP(f), if f#8 g=0;
=P(g, ey P(f), if f,g=0.
If e is a transform T'(t,, £;, b) then
P(e) = el P(f), if f=0,g=20;
=eP(g, LYP(f), if fig=9.

By convention the mate of a transform is considered to be the tip mate i,
as in Definition 3.1. This allows us to consider search paths as parity paths.

Now we define blossom. A blossom step for edge eqe, is illustrated in Figure
3.3 (circles represent previous blossoms). b, is computed as the first element of P(e,)
such that P(e,) contains an element in B(by); b, is the first element of P(e;) in B(by).
(If b, is not in a previous blossom then B(by)=b, and b, is in both paths.) The
arbitrary choice of P(eg) is irrelevant — B(by) is the first blossom common to both
search paths.

Definition 3.2. Suppose the algorithm does a blossom step for edge eye;, computing
be, by as above. This forms a blossom B. If by#b,, then B=UB(e), where the union
is over all elements e€ P(e;, b;), i=0, 1; the bud and tips of B are those of B(b,). If
bo=b;, let t; be the immediate predecessor of by in P(e;), i=0, 1. Then B= UB(e) +T,
where the union is over all elements e€ P(e;, t;), i=0,1, and T is the transform
T(ty, 11, bo). The bud of B is b, ; the tips of B are t; plus the tips of B(z)) (if t;is already
in a blossom). In either case, an old tip of B is an element in B that was once the tip of
a blossom but is not a tip of B.

Note that the bud is not in the blossom. In Figure 3.3(b) the tips are the f;
shown (a special case is when ¢, or t; is not in a previous blossom). This illustrates
how the number of tips for a blossom starts at two and can increase. The algorithm
creates a transform in Figure 3.3(b). When a blossom forms all previous blossoms
contained in it are considered destroyed. Hence B(e), the blossom containing e, is well-
defined.

We close the section with the details of how the algorithm works in Figure 3.2
Figure 3.2(a) shows a graphic matroid; a is a singleton, b, ¢ and g are not shown.
Figure 3.2(b) illustrates the search paths grown by the algorithm: solid edges are de-
pendence edges, dotted edges join paired elements, and numbers are serial numbers.
The algorithm starts by giving singleton a a null label. Scanning a’s adjacencies to e
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(b)

Fig. 3.3. Tips and bud in a blossom step

and f gives back pointers to a for 2 and f. Scanning & gives a back pointer for d. Scann-
ing f gives no new labels (d is labelled, but the blossom step is postponed; the adja-
cency to d does not give another back pointer to d). Scanning d’s adjacency to f now
gives the blossom step. The bud is a and the tips are e, . d gets the label ( f, d); trans-
form T(e, f, a) is created and gets the same label. The blossom contains d, d, ¢, e, 1. f,
T(e, f, a). Then d’s adjacency to g gives a back pointer for g. Next d is scanned. The
adjacencies to fand € go to the same blossom, so nothing is done. The adjacency to g
is redundant for a back pointer, so nothing is done. Next the transform is scanned. It
is adjacent to ¢, giving a back pointer for ¢. At this point the algorithm scans g and
then other elements not shown.

4. Correctness

This section proves the algorithm correct. This amounts to two properties
— every augmenting path found by the algorithm is feasible (Corollary 4.4), and the
final matching 1s maximum (Corollary 4.5).

For feasibility we show no search path admits an alternating cycle. First we
discuss blossoms and deduce that an alternating cycle contains an unlabelled element
S (Lemma 4.4). Propagating labels breadth-first implies a monotonicity property of
alternating paths starting at such elements f (Lemma 4.7). This prevents the path
from becoming a cycle.
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First we make two conventions. Blossom and augment steps create the same
type of paths (more precisely, the blossom routine could be used to generate labels to
define the augmenting path found by the algorithm). In this section “blossom step”
refers to a labelling step done by the algorithm explicitly in the blossom routine or
implicitly in the augment routine. Also it is convenient to use an ellipsis notation for
paths. For example P=...e...fg... means that the path P contains elements e, fand
g, in that order, with fand g consecutive. Any assumption about what the dots stand
for (e.g., possibly null sequence or nonnull) is always stated explicity.

Lemma 4.1 gives a structure of blossoms analogous to the correctness proof for
graph matching [7]. First we verify that a search path P(e) is well-defined. (In Defi-
nition 3.1 this may not be clear for the last case, a transform labelled in a blossom
step — 7, might not be in P(g).) A simple induction (similar to the proof of Lemma
4.1) shows P(e) is a well-defined parity path, where any element an even distance from
e has lower serial number than e unless it is an old tip. (Note that P(e) always begins
eé.... For e labelled in a blossom step this follows from the fact on serial numbers,
which implies that if e is in a search path P(x) before it is labelled, it occurs an odd
distance from x, and hence is preceded by its mate).

Lemma 4.1. At any point in the algorithm any search path P(e) decomposes as
P(e) = P(eg, 1o) -+ Pler—1, ti-1)€es

where ey=e, e, is a singleton, and for all i either

(i) t;=¢e;, Ple;, 1)=e;é;: e;, e are not in a blossom, and e,y is the back
pointer of e;; or
(i) ¢;is a tip of a blossom that contains P{e;, t;) and has bud ¢; ., .

Proof. The proof is by induction on the step that labels ¢ (considering steps in order
of occurrence). Suppose ¢ is labelled in a grow or degenerate blossom step. Thus
P(e)=eeP(x). With the inductive assertion this gives the lemma.

Next suppose a blossom step for edge xy creates a blossom B. By induction
write P(x)=P(x,, to)...P(xj_1, t;_1)X;, P(p)=P(¥o, ). - P(P—1> thh—1) V-

The algorithm computes by, the first element of P(x) such that P(y) contains
an element in B(b,), and b, the first element of P(y) in B(b,). Observe that for some
indices r, s, bo=x, and b,=y,: If by is in a blossom this follows easily from (ii). If
b, is not in a blossom it occurs in both paths (since B(by)=b,) in a subpath of type
(i). Such a subpath has its first element labelled but not the second. So the same sub-
path is in both paths and the observation follows.

By definition P(y) does not contain an element in B(x;), i<r. Hence P(x, x,)
and P(y, y,) are disjoint, except possibly at their ends; x,,;=y,+; and P(x) and
P(y) are identical after that element.

If by#b, then B contains B(f) for fin P(x, x,) or P(y, y,); its bud and tips
are those of B(x,). If by,=b, then B contains B(f) for fin P(x, t,-,) or P(y, us_,).
Its bud is x,=y,. Its tips are the tips of B(t,_,) if it is a blossom else 1,_,, plus the
tips of B(u,_,) if it is a blossom else v, _;.

The inductive assertion for blossom steps now follows by simple verification of
various cases: For e=x, f, in the new decomposition is the old ¢, in the first case
and f,_, in the second. Similarly for e=y, t,is the old u, or u,_,. For newly labelled
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elements, including the transform created (if any), ¢, is the same as for x or y. The
other cases to be checked are previously labelled elements f. with either fin B or P(f)
containing an element of B. J

Here are several useful properties of search paths and blossoms. Most follow
from the lemma ; others are placed here for convenience.

Corollary 4.1. Let B be a blossom with bud b, and t any tip of B.

(i) A search path is simple.

(it) B consists of transforms and parity pairs.

(iii) ¢ is unlabelled (and hence not a transform). ¥ either was labelled in a grow
step from b, or is unlabelled if a degenerate blossom step was done for t, T from b,

(iv) If P(e)=..ff"... with s(f)=>s(e), f not an old tip, then P(e)=
=P(e,f)P(f).

Proof. (iv) If ¢ is labelled in a grow or degenerate blossom step just apply the lemma to
P(e) when it is formed. The remaining case is ¢ labelled in a blossom step. In the proof
of the lemma, first assume e€ P(x). The order of assigning labels in a blossom step
shows f€P(y); now the lemmas’s decomposition implies the desired one. The other
possibility is that e is the transform of the blossom step. Since it is labelled last the
same argument applies. J

Next we analyze unlabelled elements in blossoms.

Lemma 4.2, Let e be an old tip, with B the last blossom containing e as a tip. Some tip
et of B gets labelled in the blossom step making e an old tip. An element adjacent to e is
adjacent to et or to some transform T created for two tips of B(s(T)<s(e™)).

Proof. Lemma 4.1 shows e* exists (and is unique). The algorithm creates a transform
each time it merges two sets of tips; hence the transform tree R of Corollary 2.4 exists.
Let b be the bud of B. By Corollary 2.4, if an element fis not adjacent to any of the
transforms created for tips of B, vector v( f) is a multiple of v(d). The latter has all
coefficients nonzero (Corollary 4.1(iii)). So f adjacent to e implies it is adjacent to
some transform for tips of B or to every tip of B, in particular et. |}

Corollary 4.2. If e€ P(e%) then e=e™.

Proof. The proof of Lemma 4.1 shows any search path P(¢) containing an element of
a blossom B contains exactly one tip of B. Now the corollary follows by examining
the blossom step that labels e*. |}

The following notation is useful for properties resulting from the order of labell-
ing steps.

Definition 4.1. (i) For element ¢, ¢* is the element of Lemma 4.2 if ¢ is an old tip,
elsee.

(ii) For element e, x(¢) is the element that is the first back pointer assigned to
e, é, or an associated transform (if such exists). Thus if ¢ is labelled in a grow siep
from f, x(e)=x(€)}=f. If a degenerate blossom step for e, € is done from f the same
holds. For a transform x(7(e,, e;, b))=b, the bud.
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For a transform created in a nondegenerate blossom step, interpreting the
mate of T'(e,, ey, b) as &, justifies this definition (see Corollary 4.1(iii)). For succinct-
ness we drop parentheses in compositions of functions, e.g., s(x(e))=sx(e).

Lemma 4.3. An element y with s(y™)<sx(e) is not adjacent to e.

Proof. Let y be an element with s(y)<sx(e). If e islabelled in a grow step, e and é are
unlabelled when x(e)=x(e) is scanned. Since y is already scanned it is not adjacent
to e or &. The same holds if a degenerate blossom step for e, € is done. The last caseis e
atransform T'(ey, e,, b). Corollary 4.1(1ii) implies x(e;)=Db=x(e). The previous cases
show yis not adjacent to ¢;. Corollary 2.2 shows y is not adjacent to e. '

Finally suppose y is an old tip with s(y*)<sx(e). If e is adjacent to y, Lem-
ma 4.2 implies it is adjacent to 3* or a transform T, s(T)=<s(y*). But the previous
paragraph shows this is false. J

Corollary 4.3. (i) The bud b of a blossom B is adjacent to all tips of B and no other ele-
ments of B.

(ii) If ef'is an edge with s(e)<s ()< oo then after ef is scanned from f, B(e)=
=B(f). If ef is an edge with s(e*)<s(f+)<eoo then after f* is scanned, B(e)=
=B(f).

Proof. (i) The first part follows from Corollary 4.1 (iii). For the second part first
observe that any element e€B has sx(e)=s(b); equality holds only for e a tip of B,
its mate, or a transform for tips of B. (This follows from the proof of Lemma 4.1).
If sx(e)=s(b) the lemma shows b is not adjacent to e. If x(e)=5b suppose eis not a
tip. A mate of a tip (that is not itself a tip) is not adjacent to b; similarly a transform
for tips of B is not adjacent to b.

(i) First suppose e and f are labelled. A blossom step for ef is done when fis
scanned. The only way for e or f— say ¢ — not to be in the new blossom B is to
have, in Definition 3.2, by=>b,=e and e the bud of B (and the tip in P(e) does not
exist). But then e and f contradict (i). (This argument also implies any blossom has
at least two tips, although this fact is not needed).

Next suppose e or fis an old tip. Apply the previous paragraph to two adjacent
labelled elements given by Lemma 4.2, having serial numbers at most s(f*). [

Now we define an edge that occurs in an alternating cycle for a search path
created in a blossom step. First some notation. If e is labelled in a blossom step for
edge x,x;, denote its search path as P(e)=P,P,, where P,=P(x;), Py=P(x,, e)
or for a transform e, eP(x,, I)".

Definition 4.2. Let ¢ be labelled in a blossom step for edge x,x;. An edge gog;
#=xoX, With g,€P; is a cross edge for e, x,x;.(Although dependence graph edges are
undirected, in the notation ““cross edge gog, for x,x;" order is significant).

Since P(e) is simple the cross edge gog, has g;¢ P;_;. The basic significance
of cross edges is that if a blossom step creates the first search path P(e) with an alter-
nating cycle 4, then P(e) has a cross edge: A is not alternating for P; since these
paths exist before the blossom step. (Even if e 1s a transform, 4 does not contain e
since any P(e) has no dependence graph edge incident to e; hence the relevant part
of P, exists). So 4 has at least two edges joining P, and P;. P(e) has only one such
edge, x,x;. The other edge of 4 is a cross edge.
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Lemma 4.4. Let gogy be a cross edge for e, xox,.

(1) For some ic{0, 1}, s(gi)=>s(x)).

(i) For i€{0, 1}, the above condition s(g;)=s(x;) implies s(gi_;)>sx(g).

(ii) If s(x)=s(gi) then s(gi)=sx(e).

(iv) If feP(e) with s(f*)=>s(e) then an element y€ P(e) with s(y*)=sx(f)
is not adjacent to e.

Proof. Suppose the blossom step for xgx; has bud b and creates transform 7, if any*

(1) Immediately before the blossom step for x,x;. B(go)#B(g,), since P,
does not pass through a (previous) blossom common to P{x;), P(x;) (see the proof of
Lemma 4.1). We prove (1) by showing that s(g/)=s(x;) for i=0,1 implies the
opposite, B(go)=B(gy).

First suppose s(g)=s(x;), i=0,1. Write {g,,g}={g, g} where s(g)>
>5(g) and {x,.x}={x, x’} where s(x)>s(x"). By Corollary 4.3 (ii) it suffices to
show that g,g, is scanned from g before xyx, is scanned from x. The supposition
implies s(g)=s(x). If s(g)<s(x) then g is scanned before x, as desired. If s(g)=
=s(x), i.e., g=x, then s(g")<s(x") and gg’is scanned from g before xx’, as desired.

Finally suppose s(g/)=s(x;), i=0. 1, and either giisan old tip. This implies
g; is an old tip before the blossom step. Lemma 4.2 gives an element f; in B(g)
(before the blossom step) with s(f;)=s(gi). This gives a dependence edge joining
B(go) to B(gy). It may not be a cross edge but the argument of the previous parag-
raph still applies. (Note that the new edge is not xox; : This would imply fi=g{ =x;
for some 7. But Corollary 4.2 shows g;¢ P(gi")).

(ii) From Lemma 4.3 it suffices to show gi_;#x(g:). Suppose g;=7T. The
hypothesis implies g; is unlabelled and not an old tip when x; gets labelled. So Lem-
ma 4.1 shows x(g;) is the successor of g; in P(x;), and hence in P;. Since g,g; is a
cross edge g1-i#x(g;). Next suppose g;=T. The same inequation holds, since
a transform is not adjacent to its bud (Corollary 2.2).

It remains to consider gy_; an old tip. If s(g{_,)=s(x;) the conclusion is im-
mediate, so assume the opposite. Thus g, -, is an old tip when e is labelled. Proceed
as in (i).

(iii) Part (i) implies s(gg)>s(x,). So (il) implies s(g7)=>sx(gy). It suffices
to show sx(go)=sx(e). This is implicit in (ii): If gy T, it is unlabelled and not an
old tip when x, gets labelled, and Lemma 4.1 shows that in P(x,), x(g,) is the succes-
sor of g,. If e T a similar statement holds for e and sx(g,)=sx(e), as desired. If
¢=T then x(e)=>b and the same inequality holds. Finally if g,=T then g,£P;
shows g,=T=e, and the desired inequality is an equality.

(iv) If e is labelled in a blossom step, the order of labelling shows sx(e)=
=sx(f)=s(y"). Lemma 4.3 gives the desired conclusion unless both inequalities are
equalities. This implies e=T, fisatip and y*=b. Then y€ P(e) implies y€ P(y*),
by Lemma 4.1. So Corollary 4.2 shows y*=y. Now y is not adjacent to e since
a transform is not adjacent to its bud.

Suppose e is labelled in a grow or degenerate blossom step. Since f is not an
old tip when e is labelled, Lemma 4.1 shows sx(e)=sx(f)=s(y*). Lemma 4.3 gives
the desired conclusion unless y* =x(e). Since y€P(e) and clearly ysze, &, Corol-
lary 4.2 implies y* =y. This gives the desired conclusion since x(e) is not adjacent to
e in this case. J
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The next definition describes the structure of alternating paths for search
paths. Throughout this section we assume alternating paths consist of directed edges,
i.e., saying ff” is in an alternating path implies elements f, /” occur in that order. We
do not assume this for search paths P(e). However we often consider P(e) to be a set
of dependence graph edges ff”, writing ff'€ P(e).

Definition 4.3. To say an alternating path A4 for P(e) is blocked means that if A starts
with edge ff'€P(e), where s(f*)>s(e), then every edge gg" of A4 in P(e) has
s(gtYy=s(f"). A labelled element e is 1-blocked if any alternating path for P(e) is
blocked. An element e labelled in a blossom step for edge xqx, is 2-blocked if x, and
x; are 1-blocked.

For motivation we state the next four results and then give the proofs.

Lemma 4.5, If e is a 1-blocked element labelled in a grow or degenerate blossom step,
an alternating path for P (e) is not a cycle if it starts with edge ex¢ P(e). If e is 2-blocked
an alternating path for P(e) is not a cycle if it starts with a cross edge.

Lemma 4.6. 4 2-blocked element is 1-blocked.
Lemma 4.7. A labelled element is 1-blocked.

Corollary 4.4. (i) A search path does not have an alternating cycle (in the final, genera-
lized dependence graph G ).
(i) An qugment step constructs a base N* with one more pair than M*.

Proof of Lemma 4.5. Let A be an alternating path for P(e) satisfying the hypothesis
of the lemma. For e 1-blocked, if 4 is a cycle it has the form 4=éx...gg’¢ with last
edge g'eé¢ P(e). Hence gg’€ P(e). Since A4 is blocked s(g’V)=s(x). Since x=x(e),
Lemma 4.3 implies s(g’*)=s(x), gt =x. This implies g’=x, since g'c¢P(g't).
But this contradicts g’'é¢ P(e).

For e 2-blocked, let e be labelled in a blossom step for x,x, and let the cross
edge starting 4 be gg f;. Suppose 4 is a cycle. By Lemma 4.4 (i) 4 can be oriented so
that for some i(1)€{0, 1}, fi€ Pyyy, s(/fi")=s(x;qy). After ggfy, A consists of sub-
paths that are alternately in P, and P, ; let the j‘h subpath be in P;;, and denote it as
fifi.g; gJ (J starts at 1). It suffices to show s(g’;*) decreases monotonically, since this
implies A4 is not a cycle.

Inductively assume the sequence up to s(g;*,) decreases monotonically and
further, s(f;*)=s(x;)). (The base case j=1 is shown above) Hence f/=x(f}) and
Lemma 4.4 (ii) shows s(gj *)=s(f}). Since the ;" subpath is blocked s( f])>s( gi*).
Transitivity shows s(g T)=s(g 1), giving the first part of the induction. It also 1mph—
es s(xy;) =s(g;*), since s(x,m) =s(f}). Hence by Lemma 4.4 (i) for cross edge
&ifi+1> S(fih ) =>s(xi;+1), giving the second part of the induction. |}

Proof of Lemma 4.6. Let e be a 2-blocked element labelled in a blossom step for x,x;.
Let the blossom have bud b and transform T (if any), P(e)=P,P;.

An element fwith s(f*)>s(e) isin P,, by the order of labelling in a blossom
step. It suffices to show that if ff’...gg’ is an alternating path for P, and gg’c Py,
then there is no cross edge from g’. For then x; 1-blocked gives the desired conclu-
sion.
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Clearly s(x,)=>s(f"). Since x, is 1-blocked s(f)=s(g’*). So s(x)=s(g’").
A cross edge from g’ implies sx(e)<s(g’*), by Lemma 4.4 (iii). It suffices to show
sx(e)z=s(f’). For with s(f")=s(g’") this gives the contradiction s(g'*)=>s(g").

If es=T the order of assigning labels 1n a blossom step shows sx{e)=s(f"),
as desired. Suppose e=7. Since the transform gets the highest serial number in a
blossom step, s(f7)=s(e) implies f was not labelled in the blossom step. Thus f
does not precede the tip in P,. Lemma 4.1 for P(x,;) shows s(b)=s(f’). Since b=
=x(e) thisis the desired inequality. |

Proof of Lemma 4.7. First observe that if e is 1-blocked there is no alternating path
ff...gg’e with ff", gg’cP(e), s(f1)=s(e). For 1-blocked implies s(g’*)=s(f").
Note f’=x(f). So Lemma 4.4 (iv) shows g’ is not adjacent to e.

Now prove the lemma by induction on serial number s(e). First consider an
element e labelled in a grow or degenerate blossom step, so P(e)=eéP(x). Let A be
an alternating path for P(e) that starts with an edge ff '€ P(e), s(f*)>s(e). Show 4
is blocked by considering two cases, f€P(x) and f=e.

Suppose f€ P(x). Since x is 1-blocked it suffices to show A does not contain
edge ex (in either direction). If it does the portion before éx is alternating for P(x) —
write it as ff’...gg", with gg’€ P(x). The preliminary observation shows g’ is not
adjacent to x. So it is adjacent to &. But s(g'")=s(f")<s(x)=sx(é) and Lemma 4.3
show g’ is not adjacent to €, the desired contradiction.

Now suppose f=é. Write A=ex...gg’... with gg’c¢ P(e). Show s(g'*)=
=s(x) as follows. Since A4 is simple gg’¢ P(x)—x. If s(g’*)=s(x) the preliminary
observation applied to the reversed subpath of 4, g’g...x gives the desired contra-
diction (the last edge of this path is not in P(x)). This completes the second case.

An element ¢ labelled in a blossom step is trivially 1-blocked. So the induction
iscomplete. |

Proof of Corollary 4.4, (i) Let ¢ be the first element labelled such that P(e) has an
alternating cycle A. Deduce a contradiction as follows.

If e is labelled in a grow or degenerate blossom siep, P(e)=eéP(x) and 4
contains edge éx. Make it the first edge of A. Since e is 1-blocked A is not a cycle,
by Lemma 4.5.

If e is labelled in a blossom step choose a cross edge in 4. (It exists by the dis-
cussion after Definition 4.2.) Make it the first edge of 4. Since ¢ is 2-blocked 4 is not
a cycle, by Lemma 4.5.

(ii) First observe that, although a search path can contain more than one
transform with the same tip e, there is at most one of the form T'(e, 11, b). (The oppo-
site implies that & occurs twice in a search path, a contradiction. Note that if a dege-
nerate blossom step was done for e, €, then ¢ is always interpreted as T(e, e, b)).
Furthermore, any T(e, t;, b) in the path has higher serial number than any transform
of the form T'(¢;, e, b). To show this suppose a step of the algorithm creates a search
path where the opposite holds. The step must be a blossom step; Lemma 4.1 shows
that the new path is P(T(t,, e, b)). In this path tip e is preceded by its mate ¢; an
occurrence of T'(e, ¢, b) gives another occurrence of &, a contradiction.

Now let P be the augmenting path found by the algorithm. Construct a base B
as follows: Initially B is M *. Consider all transforms T'(¢y, t,, b) in order of increasing
serial number. If T'(¢,, t;, b)EP with t,€ M, replace t, in the base by the transform.

Note that the construction is correct: It suffices to show that tips f; are in the
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base when T'(t,, t;, b) is considered, by Corollary 2.3. The preliminary observation
shows that ¢, is in the base when T'(¢,, , b) is considered, since £, occurs only once
as the first tip of a transform. The observation also shows that £, is in the base when
T(ty, 11, b) is considered, since a transform containing ¢, as first tip has higher serial
number.

Next observe that the dependence graph for base B is given by the subgraph of
G (the algorithm’s final dependence graph) that corresponds to the nodes of B. This
follows by induction on the transforms added: Recall ihat the algorithm constructs
a transform using formula (2) of Lemma 2.1, with the values c(a,, b;) taken as the
scalars that are the coefficients of a, with respect to base M *. This equation shows that
replacing 